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Abstract

In this paper, the charge transfer problem in dry DNA was investigated by employing an extended Holstein small polaron model with external
potential traps being involved in consideration. The ground state energy and the probability amplitude of polaron in various DNA chains with
different external trap potentials were obtained by variational method with the trial function being taken in coherent state form. The stability of

transfered charges in various circumstances was discussed accordingly.
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1. Introduction

Recently, the phenomenon of charge transport in DNA has
attracted intense study of biologists,chemists and physicists
[1-23]. Charge transfer in DNA was first put forward by Eley
and Spevey in 1962 [3]. The research on DNA conductivity is
of great interest as charge transfer to provide for fabricating
nanoscale structures,and the charge injection can be associated
with damage, mutation, and repair processes in DNA
[1,2,11,12]. From the theoretical side, it was suggested that
w—m interactions of stacked base pairs in double- stranded
DNA could lead to conducting behavior [3]. The reason behind
this idea was that DNA’s bases are aromatic entities, i.e., the
organic compounds containing planar, unsaturated, benzene-
type ring structures, whose atomic p, orbitals perpendicular to
the plane of the base can form rather delocalized 7 bonding and
* antibonding orbitals. From the experimental side, measure-
ments on single DNA molecules have been made in recent
years [4,9]. Early measurements of lectron transfer in DNA
were performed with a variety of techniques, and yielded
apparently contrasting results. Now it has been recognized that
this was partly due to the variety of DNA sequences, layouts
and conditions. Taking experimental conditions for example, in
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a saline solution, calculations suggest that counterions play an
essential role [19,20]. In the absence of salt, mechanisms that
do not involve counterions, such as bandlike electronic
transport, [10], intrinsic vibrational hot spots [14—16], variable
range hopping, [21] and small polaron motion [22,23], have
been proposed and found to be more relevant. Among these, as
a feasible candidate, the small polaron mechanism has been
proposed to explain certain phenomena of charge transfer in
dry DNA. In this mechanism, the polaron was considered as
the bound state of the charge carrier (electron or hole)and the
deformation of the DNA bases, guanine(G), cytosine(C),
adenine(A) and thymine(T) [13,18,22,23].

In addition, the DNA sequence plays an important role in
transport phenomena in DNA. To understand why it makes a
difference, we need to compare the relative energies of the G—
C and A—T base pairs. These energies have now been deduced
from computational models, photoemission experiments and
electrochemical measurements. The important feature is that a
hole, i.e., a positive charge, is more stable on a G—C base pair
than on an A—T base pair. Also, the energy difference between
these two pairs is substantially larger than the thermal energy of
the charge carrier. Under thes conditions, a hole will localize on
a particular G—C base pair. Because the A—T base pairs have a
higher energy, they act as a barrier to hole transfer. However,
the hole can tunnel in a coherent fashion from the first G-C
site to the second, and can then either hop back to the first G—
C pair or move on to the next one.
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A serious complication in the study of DNA as an
electronic material is the strong influence of molecular
vibrations. Particularly, the root—mean—square vibrational
displacement of a basepair in DNA at room temperature is
estimated to be about 0.3—0.4 A [24], which is a tenth of the
lattice constant and an order of magnitude higher than in
crystals at room temperature. In this case, we expect that the
formation of polaron becomes a possible mechanism in DNA.
Indeed, detailed electrical transport measurements through
DNA molecules of identical base pairs have been reported
recently [9]. These results fit well a model in which the
conduction is due to thermal motion of small polarons. In
addition, numerical calculations also report the possibility of
small polarons in dry DNA [18]. However, other mechanisms
may be also the candicate to explain the transport phenom-
enon in DNA, which will not be involved in consideration in
the present paper [1,2].

Th physics of polarons is that of an electron (hole), added to
an otherwise empty (filled) band, and coupled to Ilattice
deformations [25]. In the case of DNA, the electron (hole)
moves in a band formed by the interbase hybridization of p.
orbitals perpendicular to the planes of the stacked base pairs in
double-stranded DNA. Hence the coupling interaction between
electron (hole) and molecular vibrations are usually described
in small polaron regime. In this regime, the electron (hole) and
lattice deformation are remarkable within a few lattice sites.
Therefore the discrete nature of lattice manifests that the
continuum description is inappropriate and instead calls for a
discrete model.

2. Holstein small polaron model

Holstein model has been widely used as a starting point for
the study of small polarons [18,25]. The extended Hamiltonian
of Hostein polaron model can be given by

H= -3 |(c/Gu +He)] —gjz_cjcj)g

J
P? 1
L 4+ ZKX? 1
+§<2m+2 J (1)

where the first term is a tight-binding expression which is used
to describe the electronic hopping between adjacent base pairs,
and ¢ is the hopping constant (or transfer integral). C (C")is the
annihilation (creation)operator of the charge. The second term
describes an on-site charge-lattice coupling between a geomet-
ric displacement X; and the electron (hole) presence at site j,
and g the charge-lattice coupling strength. The last term in Eq.
(1) represents the sum of kinetic energy and potential energy of
the lattice.

Since the biological DNA is an intrinsically non-periodic
structure, four bases have different ionization potentials. Thus,
if one removes an electron from the chain, the resulting hole
may feel the on-site potentials Veg<V,yy Therefore the
sequence of DNA base pairs determines the potential profile

of the chain. This motivates us to add an external potential term
to the Hamiltonian (1) and yields

H=3 VjCjC, -1y |:(C}chj+l —I—H.c.)} _gZCj%CiXi
J J ;
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Jj 2m 2 7 '

where V;<0 is the external ionization potential of DNA
sequence located at j-th sit. By introducing a transformation
to express the displacement X and the momentum P in terms of
phonon creation and annihilation operators

)g:\/%(aj—&-a;), f}zi@(@—aj), (3)

wher w = %, a; and a'Jr are the annihilation and creation

operator obeying bosonic commutation relation [a;, a}f 1=06ij.
The Hamiltonian (1) can then be recast into

/]

_ t t
n=x oo )] -/

<Y chcj(aj - aj) +Y hoala;. (4)
J J

To investigate the ground state property, we employ the
variational method by adopting the following trial function
form

- (3mar) < (Fo) . )
J

It is noticed that the phonon part of the trial function is in
the form of coherent state. The reason of this choice is as
follows: (1) We had employed the coherent state as the trial
wave function of polaron to describ the electron—phonon
interaction, and many interesting remarkable results had been
obtained [26]; (2) One author of this paper had calculated the
band structure of Holstein model with coherent state for the
phonon part and the results are in good agreement with the
numerical calculation [27,28]; (3) In the Jaynes—Cummings
model of quantum optics, if the case is near resonant, the
Boson part takes the state function as Fock state,and if the case
is far away from resonant, then it takes the form of coherent
state. Since there exist many different modes of phonon in
Holstein model and they are mostly not in the near resonant
case. Thus we take the trial wave function with the form of
coherent state. Combining Egs. (4) and (5), we have

E[{¥}, {0} = PIH|P),

— (Zzhwa}> (% Wﬁ) +3 (V,Y{f - zmv,-wm)
J J

[ 2h )
+8g %qulj“j (6)
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Minimizing E[¥;,%;] with respect to o; and ¥; under the
normalization condition }; T?Zl, we obtain

1 2
%= - mgqu ) (7)
and

| 2h
qjj <%hwai> + VJ]PJ - t('Pj+1 + lIljfl) — g %lpjdj — E‘PJ
’ (8)

where E is the Lagrange multiplier taking care of the
normalization condition, and the ground state energy of the
system. Substituting Eq. (7) into Eq. (8), we get

=0
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and further

2

E[{w)] =3 (V,-svf ) - S
J J

(10)

Based on Eq. (10), we will have a better understanding of
small polaron formed by self-trapping potential. First we
investigate the usual situation where the ¥; is uniform and set
to zero. Apart from the nonlinear term —% X%/, the
Hamiltonian describes the motion of an electron in a uniform
background in the tight-binding approximation. The wave
function will be extended, and sinusoid. It is precisely the
last term that makes the formation of localized polaron
possible. To see a transparent physics picture, we can make a
self-cgnsistent field study, i.e., to average — %Zj‘l/j‘
as — %ZJ»VJZ lIff,assuming that Vj is known. Then the
Hamiltonian describes the motion of an electron in an
effective external potential background —7¥7. The solution
¥; is required to produce this effective potential self-
consistently, i.c., 'I’JZ:VJ-S. The small polaron solution of the
simplified Hamiltonian corresponds to the case where self-
induced effective potential background is a localized potential
well. If the well is deep enough, the lowest energy state is a
bound state localized in the well and decay exponentially to
infinity. Since the wave function has dominant amplitude in
the well, the self-induced effective potential —Vj=— 5 turns
out to be a well, in consistent with the demand. This
phenomena of electron being localized in a potential well
which is produced by itself is called self-trapping. Here it is
mathematically described by the nonlinear term Y"} We recall
that this nonlinear term has its origin in the lattice’s degree of
freedom, which means that polaron is induced by phonon-—
electron coupling. What’s more, this picture hints that polaron
cannot be formed if the phonon—electron coupling constant g
is too small, or when the ion is too inert (K is too large),
since in that case the self-induced effective potential well is

too weak to accommodate bound state. This picture also
predicts that the energy of the polaron will decrease as the
phonon—electron coupling increases, due to the increasingly
deep self-induced potential trap. Finally, this picture gives us
insight into the case where the true external potential
background V; is nonuniform. For example, in the case
where the distribution Vj is a potential well, two cases may
arise: (1) if the self-induced effectiv potential is a well
residing at the same position as the original external potential
well, the total effect is that the well is deepened, and
localization effect enhanced; (2) if the self-induced effective
potential is in a different place, the total effect is that the
electron ‘sees ’two potential well. Therefore it is expected
that the state in case (1) is stable and has lower energy than
that of case (2). In summary, this picture of polaron
formation by self-induced potential trap will guide us in the
following analysis.

3. Stability analysis

Suppose that the potential V(x)(either the external potential
or the self-trapping effective potential) consists of two different
potential wells, and for each well there is a stationary state with
the wave function localized around the well. The deeper of
these two states represents the ground state of the system, the
shallower one is an excited state. However, the excited state
may correspond either a local minimum or an unstable
stationary point (saddle point). If the dynamics of the system
is governed only by the equations of motion considered above,
the system can remain in the excited state forever. However, if
one includes fluctuations and dissipation, the character of the
excited state becomes very important. For a local minimum
small perturbations will not drive the system out of the vicinity
of the stationary point, i.e., the particle stays in the shallow
well, while in the case of an unstable point dissipation may
make the system fall into the global minimum, i.e., the particle
moves to the deep well. Thus, we are motivated to study
whether a stationary point of the energy functional (10) is
stable or not.

To analyze the stability problem, the standard treatment is to
expand E [{¥;}] to second order around the stationary point. If
the corresponding matrix of second order derivatives is positive
(negative), the stationary point is a local minimum (maximum);
if it is nonpositive, the stationary point is a saddle point.
However, the procedure is plagued by the fact that
¥.,j=1,...,N are not independent variables, but subject to the
normalization condition. Viewed geometrically, the points ¥;
are in a N-dimensional unit spherical surface. We expand
E[{¥;}] around the stationary point ¥,

E[Y] = E[V] + (VE) |, (¥ — 7°) +% (w— vy
ot e

We introduce an arbitrary vector 0¥ tangential to the
spherical surface at the stationary point. The vector resides
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in a N-1 dimensional tangent space,i.c., % ¥°=0. Along
the direction of this vector, close to the stationary point, we
have

1
wzw(’(l—zaqﬂ) + oY (12)

to second order in d¥. Now the energy functional can be
approximated to second order in J;

219 = E[9°] + (V8| (37— Jov20° ) + Lovt

9%E

In the stationary point, VE|,=2 Ey° (E is the Lagrange
multiplier, or the ground state energy here), therefore we
have

1 J’E

— 0 T
E[Y] =E[¥°] 4+ 0¥ (2 o,

—El) bW, (14)

where 1 is identity matrix of dimension N. In the last step,
we have used the orthogonality relation between 0¥ and ¥,
as well as the normalization condition on ¥. Now we have
reduced the stability analysis to a mathematical problem: for
arbitrary vector 6% L ¥, we demand SPYTHY >0, where
H= (%%fq,/ —E1)]y. It is not difficult to see that this
condition is equivalent to the equations

H-0Y =edV + A¥Y, 4 is arbitary (15)

SPW =0 (16)

permit N-1 solution {e;0¥;}and all ¢;>0. Equivalently, we
can derive an equation for e without reference to 6%

Y(H—-E'¥=0. (17)

In practice, the inverse of a big matrix with unknown
parameter cannot be obtained. One way to circumvent this
difficulty is to plot the linear hypersphere space of Eq. (17) for
a sequence of E, and see where it approaches zero. This
procedure is bothersome, and due to the existence of inverse
operation, there are diverging points and hence complicates the
determination of the zero points. We find that Eq. (17) can be
further simplified to give a more useful and implementable
expression. First, we note that

2
Ii,jzay(n—3gf¥/§> + Sis1(— 1) + Sy (— 1) (18)

is a highly sparse big matrix, with only its diagonal and nearest
non-diagonal elements nonzero. In practice, the eigenvalues
and eigenvectors of A up to 40 x 40 (the base sites up to 40)
can be numerically obtained with neglige computing time.
Suppose H has eigenvalues {/;} and corresponding normalized

eigenvectors {v;}, then we can diagonize H with an orthogonal
matrix U, such that

Ui = ()i, (19)
H = U (h;8;)U". (20)
Substituting Eq. (20) into Eq. (17),we have

0=P(H—E)""W=W(U(h —y)d;U") '

1
= ‘P(U-—é,fUT) '
hl' -y

-

2
u; _
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where u; is the i-th component of vector UT¥, which can be
easily obtained numerically. Up to now, the structure of l.h.s
of Eq. (17) is quite clear. Moreover, we can derive some
useful results. For example, if all eigenvalues s; of H are
positive, the solution e of Eq. (17) cannot be negative (or else
fly) = Zi;:—iy > 0), which means the stationary point is a
local minimum and the corresponding state is stable. For
another example, if H has more than one negative eigenva-
lues, and both appear in the sum of f(y), Eq. (17) must have a
negative solution y between two adjacent negative eigenva-
lues h,<y<h,,because as y—h{, f(y) approaches negative
infinity; as y—h, , f(y) approaches positiv infinity, and hence
by continuity, there must be a y between A, and h, wher
f(¥)=0, i.e., there must be a negative solution of Eq. (17). In
this case, the stationary point is a saddle point and the
corresponding state is unstable. Therefore, what is worth
further study is the case where H has only one negative
eigenvalue.

4. Results and discussions

In what follows, we will calculate the ground state energy
and the wave function of polarons in different potential
distribution. Eq. (8) is a set of nonlinear equations, they can
only be solved numerically. Here, it was sloved by an iteration
method: Given a set of initial value of {¥;}and E, the set of
Eq. (8) and Eq. (10) can be used to generate new values. The
process can be continued until the energy does not change.
Usually the choice of initial values corresponds to physical
considerations. Since we are interested in localized state, we
choose the wave function at localizied point almost 1, and
almost 0 at all other points. It has been verified that in most
cases the localized state is independent of these particular
initial values. In practice, the procedure is carried out in
Mathematica.

4.1. Small polaron in an uniform DNA chain

First, we consider a DNA chain consisting of the base
sequence of "ATGCATGCATGC -. In this situation, the wave
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Fig. 1. The probability amplitude ¥,, of the charge carriers as the function of
DNA base sites under two different charge-lattice coupling strength. Where
t=0.1 eV, spring constant K=0.85 eV/cm, lattice points n=41.

function which is in narrow peak form, if there is any, is wholly
due to self-trapping.

The wave function of the typical electronic part of small
polaron states as the function of the number of base paring sites
is plotted in Fig. 1. It is noticed that the width of the probability
amplitude decreases, or the peak becomes sharper, as the
phonon—electron coupling increases. In addition, we studied
the stability of these states, and we found that the small polaron
states will not be stable unless the charge-lattice coupling
constants g>0.55. That is to say there exists an critical value of
charge-lattice coupling strength which corresponds to the stable
polaron state that could be formed accordingly.

The profile of total polaron energy vs. charge-lattic coupling
constant g is plotted in Fig. 2, illustrating that they are in a
nonlinear relation. It was also told that as the phonon—electron
coupling grows, the polaron has lower energy, in agreement
with our previous expectation. In particular, the system does
not possess bound state when charge-lattice coupling constant
2<0.4, because in that case, the effective potential trap is not
deep enough to form bound state,in agreement with Heisenberg
uncertainty principle.
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Fig. 2. The total energy of the charge carriers as a function of charge-lattice
coupling strength g. Where #=0.1 eV, K=0.85 eV/cm, n=41.
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Fig. 3. Polaron probability amplitude as the function of DNA base sites in a
single trap potential well 7,=0.2 eV with parameters r=0.1 eV, K=0.85,
g=04.

4.2. Small polaron in one potential trap

Secondly we consider a single guanine on a chain consisting
only of adenines acts as a trap since Vo<V A (AAAA-
GAAAA). There are two kinds of states here. One is small
polaron localized in the external potential trap; another is small
polaron localized outside the potential trap. In the first case, the
external potential trap is deepened by self-trapping. Typical
lectronic part of small polaron states wave function is shown in
Fig. 3. Moreover, we find that as a result of the deepening
effect, the critical value of the external trap V" to form polaron
will become smaller when phonon—electron coupling strength
becomes stronger. The ground state energy vs. potential depth
and phonon—electron coupling strength is shown in Fig. 4. We
note from Fig. 4 that as the phonon—electron coupling strength
increases, smaller V' is required.

In the second case, the polaron is localized in the self-induced
trap rather than an external trap elsewhere. We find that such a
state can be formed and can be stabilized when phonon—electron
coupling strength g is large enough, which leads to deep self-
induced effective potential trap. Typical wave function of this
case is shown in Fig. 5. In order to determine the stability of this

Y-
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Charge-Lattice Coupling Strength g (eV/cm)

Fig. 4. Total energy as a function of charge-lattice coupling strength with
different-depth potential traps.
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Fig. 5. A polaron can be formed outside a potential trap V'=.0.2 eV when
charge-lattice coupling strength reaches g =0.65. The peak of the wave function
is 5 bases away from the trap.

state, we plot the L.h.s.of Eq. (17) in Fig. 6, and find that Eq. (17)
has no negative solution, which means the state is stable.
Moreover, we find that the critical value of g not only depend on
the external potential trap, but also on the distance from that trap.
This distant dependence can be understood as follows: the trap
acts a perturbation on the small polaron formed away from it, the
farther away it is, the less the perturbation will be, and hence the
more likely the polaron will be formed and stabilized. Th critical
value of g vs. potential depth and distance from the external trap
is plotted in Fig. 7. From Fig. 7,we find that the critical value of g
does not change appreciably soon after the peak is 3—4 bases
away from the potential trap.

4.3. Small polaron in symmetric and asymmetric two potential
traps

In third part of the article, we consider the case of two
separated guanines on a DNA chain consisting of adenines
represent two symmetric potential traps (such as AAAGA-
GAAA, etc.). The wave function of two traps syst m as the

f(y)
5
-0..3 -0..2 -d.l ‘. Ol.g ).3 y
5t /
-10+

Stability Analyse Result [Il.h.s. of Eq.(22)]

Fig. 6. Stability analysis of the polaron state in Fig. 5. None of the zeros of
Lh.s.of Eq. (17) is negative, which means the state is stable.
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Fig. 7. Critical g values vary with the potential depth and the distance from the
external trap. Where 1=0.1 eV, n=41.

function of DNA pair sites are plotted in Fig. 8. We find that
the symmetric double peaked wave function is not necessarily
lower in energy than the single peaked state localized in either
trap, in contrast to the case without phonon—electron coupling
where the ground state is always the symmetric double peaked.
This is because the self-trapping effect will be stronger in one
trap than equally divided in two traps.

By varying the separation of two traps, we find that, for
certain parameters, as poltted in Fig. 9, the ground state is
double peaked when two traps are very near, and it will change
to single-peaked as two traps are separated farther. The
appearing of double-peak in two closer traps is mainly due to
the perturbation (or the overlap of two separate polaron wave
functions being located in each isolate trap)of one potential trap
on the other trap. As the traps are far apart, the perturbation
becomes negligible, and hence a single-peaked state persists.
That also explains the fact why this phenomena only occurs for
large hopping term.

Finally we consider two separated guanines of different
length on a chain consisting of adenines represent two
asymmetric potential traps (such as AAAGAGGAAA). In this
case, two kinds of polaron localized in the shorter and longer

I I
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{ |--—--energy=-0.34 .

0.8 5
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N o4 N
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o
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-15 -10 -5 0 5 10 15
Number of Base Sites n
Fig. 8. Double and single p aked states in a two traps system with separation

/=7 and parameters g=0.4, V';=V,=—0.2 eV. The single peaked state is lower
in energy, contrary to the case without charge-lattice coupling.
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Fig. 9. Two ground state wave functions under different trap separations 1=3
and 1=7 with parameters g=0.4, V'1=V,=—0.4 eV, and =0.2 eV. The ground
state is double peaked when /=3, whereas it is single peaked when /=7.

trap are possible. The polaron in the longer trap has a lower
energy and is in ground state, while the polaron in the shorter
trap is in excited state. Typical wave functions of the electronic
part of these polarons and their energies are plotted in Fig. 10.

We are also interested in the stability problem of the excited
state. If the state is unstable, the polaron will transfer from a
shorter trap to a longer one under small perturbation. We find
that as the charge-lattice coupling strength increases to a certain
value (we call it a critical value), the excited state will become
stable. More interestingly, we find that: (1) the value of charge-
lattic coupling strength g does not change appreciably with the
separation of potential traps when separated by more than 3
bases, as in the case of a single trap where polaron stays away
from it; (2) such a value increases as the longer trap increases
its length. The critical value of g for different trap separation
and different longer trap is shown in Fig. 11.

5. Conclusion

In summary, as a possible candidate mechanism for charge
transfer in dry DNA, the small polaron formation in a DNA
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Fig. 10. Two type polarons in a molecular chain with different trap width.
Where g=0.4, V,=V,=—0.2 ¢V, located at site-2 and 1,2,3, respectively.
t=0.1 eV, n=41.
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Fig. 11. Critical charge-lattice coupling values versus the separation of two
external traps with parameters 7=0.1 eV, n=41.

chain was studied by variational method based on extended
Holstein model. The theory takes the advantage of coherent
state to incorporate the motion of charge in DNA bases. The
ground state energy and the wave functions of the system in
various DNA chains were discussed and calculated under
different external trap potentials which are corresponding to
different DNA base sequences. The influence of symmetrical
and asymmetrical potential traps due to the inherent molecular
structure of DNA was discussed. We found that: (i) the
symmetric double peaked wave function was not necessarily
lower in energy than the single peaked state localized in either
trap. This result is in contrast to the case without phonon—
electron coupling where the ground state is always the
symmetric double peaked; (ii) the appearing of double-peak
in two closer traps is due to the overlap of two separate polaron
wave functions being located in each isolate trap; (iii) the
polaron in the longer trap has a lower ground-state energy than
that of the polaron in the shorter trap.We also found that the
value of charge-lattic coupling strength g does not change
appreciably with the separation of potential traps when
separated by more than 3 bases, but it increases with the
increase of trap length. The state stability of transfered charges
in DNA chain was discussed accordingly. More extensive work
which link the theoretical models to the experiments requires
our further investigation in the near future.
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